Abstract. In a general algebraic setting, we state some properties of commutators of reflexive admissible relations.
For a relation R on some algebra, let R • denote the smallest tolerance containing R, and let R − denote the converse of R. R * is the transitive closure of R, and Cg(R) is the smallest congruence containing R.
Note the following easy but useful properties of [R, S|1].
Lemma 1. For R, R 1 , R 2 , S, T, U reflexive and admissible relations on some algebra, the following hold:
Proof. Just draw a diagram.
Notice that it is possible to get a common generalization of (i) and (ii), as well as of (i) and (iii). However, we get rather long formulae.
Theorem 2. For every algebra A, each of the following conditions imply all conditions below it:
for every reflexive compatible relation R.
for every tolerance T and every reflexive compatible relation R.
for every tolerance T and all reflexive compatible relations R 1 , R 2 .
for every congruence β and tolerances T, S.
for every congruences β, γ and tolerance T .
Conditions (i), (ia), (ib), (ic), (id) and (ii) above are equivalent for every algebra.
Proof.
The proof that (i) and (ib)-(id) are equivalent is similar.
By a similar argument, strengthening condition (i) in Theorem 2, we get:
Theorem 3. For every algebra A, each of the following conditions imply all conditions below it:
(
for all reflexive compatible relations T, R.
for all reflexive compatible relations R 1 , R 2 , T .
for every congruence β, tolerance S and reflexive compatible relation T .
for every congruences β, γ and reflexive compatible relation T .
Conditions (i), (ia) and (ii) above are equivalent for every algebra.
Proposition 4. For every algebra A, the following conditions are equivalent:
(ii)
There are other interesting consequences of condition (i) in Theorem 2, Theorem 3, respectively. For example, we can apply conditions (ii) and (iii) in Lemma 1. As an example, we show:
for all reflexive compatible relations R, S, T . In particular, if γ is a congruence and γ
for all reflexive compatible relations R, S, T . In particular, if γ is a congruence and
Proof. (ii) By the assumption with
By using a more refined notation (already introduced in [9] ), we can improve Lemma 1.
For R, S, T compatible and reflexive relations, let
] is the transitive closure of K(R, S; 0), and [R, S] is the smallest congruence γ such that K(R, S; γ) ≤ γ. Hence, the importance of the operator K stems from the fact that any two elements congruent modulo [R, S] can be obtained by a finite number of applications of K(R, S; −) and of transitive closure and converse.
Lemma 6. For R, R 1 , R 2 , S, T, U, V reflexive and admissible relations on some algebra, the following hold: Notice that, for every algebra,
. Announced results by K. Kearnes and E. Kiss suggest the possibility that (i) and (v) above are not equivalent. Thus, probably, commutator theory for relations has stronger consequences than commutator theory for tolerances, if we define the commutator to be [R, S|1] rather than [R, S].
In a sequel to this paper we shall derive consequences from the existence of a difference term and of a weak difference term for [R, R • |1] and for [R, R|1]. In particular, we shall deal with the following properties (a) R ⊆ [R,
We shall also deal with a weaker commutator [R, S|1] W = (x, w)| x x x w ∈ M (R, S)
